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SECTION AND ITS APPLICATION TO CONTACT
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Two Prandtl-type integrodifferential equations are solved exactly, one equation arising from the
antiplane problem for an elastic layer, one of whose boundaries is rigidly attached, the other boundary
being rigidly attached everywhere except along a section where it is elastically attached, the other
equation arising from the plane problem of a strip-shaped membrane uniformly extending at infinity
and strengthened by elastic inclusions. In both cases the integral equation leads, with the help of a
Fourier transformation, to a vector Riemann problem, which reduces by a method similar to one
presented earlier [1] to an infinite Poincaré—Koch algebraic system. Explicit formulae are found for the
system unknowns together with recurrence relations that are convenient for numerical implementation.
Computational formulae are found for the axial forces at the ends of the stringer, together with
tangential contact stresses and their intensity factors. In the neighbourhood of the ends of the stringer
an asymptotic expansion for the contact stresses is constructed, which, besides powers of radicals,
contains products of radicals in integer powers of logarithms. Numerical results are presented.

AN INTEGRODIFFERENTIAL equation arising from the plane problem of the extension of a strip
with covering was solved approximately in [2] using an asymptotic method and the method of
successive approximations. The equation of the Prandtl problem for the contact of a half-plane
with an adhesive covering was reduced [3, 4] to an infinite algebraic system with a power-law
decrease of the elements of the system matrix. This equation was solved [2] by an asymptotic
method.

1. THE PRANDTL-TYPE EQUATION FOR AN ANTIPLANE STRIP PROBLEM

Consider the following harmonic problem for a strip

Aw(x,)=0, lxl<eo, 0<y<b 1.1)
w(x,0)=0, xE(0,a); w(x,b)=0; |x|<oo 12)
(W—Wedw/0y)yuo = fo(x), O<x<a (1.3)

Here p,>0 and f(x) is Holder’s function.
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548 YU. A. ANTIPOV

We extend the first condition of (1.2) over the entire real axis
wi{x,0)=2%0(x), [xl<eo, suppyq(x)c(0,a)

and apply a Fourier transformation to problem (1.1), (1.2). The implementation of condition
(1.3) leads to the Prandtl integrodifferential equation

1)+ % i x"{‘c)cth%(r-t}dt = f(), O<t<A (1L4)
0

with the additional condition x(0)=%(A) =0, where
X =xo(b1), f()=fo(br), A=alb, p=y,/b

With the help of the single-sided functions x.(f) and the functions x.(f) and £(f) possessing
the properties

supp X+ < [A,),  suppy._ < (~0,0]

_ jx, 0=e=<i _ff@®, 0=t=sA
x.0) = {0, reony O {s, 1 (0,1)
we extend Eq. (1.4) over the entire axis
x,(z)+-‘é‘- E};ﬁ(’t)cﬁx%{t—’:}d’: = O+ O+ 1.0, i< (15)

We introduce the Fourier transforms

A , 0 .
OF (o) = g x()e™dtr, o ()= [ x(A+1)edr
Y

(o) = z XA+ 1) e dn, &3 (a)= ? x_(T)e%dT

A ) :
F*({o)= ({ f(He%dt, F (a)= ? FA+0e™dt
-2

The functions ®¥(ct) and F*(c) are entire, and ®j(c) are analytic in C*: Imo20. Applying
a Fourier transformation to Eq. (1.5) and using the relation

O (@) = €20 (o)
we obtain the following vector Riemann problem
G(o)®} (o) = F*(c) + e 03 () + D} (@), lal< o (.6)
G(a) =1+ pactha
We factorize the function G(o)
G{o)= K ()X () K (@)X (o)
K@) = AT Tio/ T4 Tia/ )] an

X*()= X (), aeCt, X(a)= [-i'i"t &
(o) (o), ae (a)=exp mi nG{)(x}xz__ag
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Go(a) =1+ (uo) tha, ( ind | Gy(a)=0
-00,4-00

and solve the jump problem

F¥(a) ) FE(x)dx (1.8)

KX (@)X (o)’ oy (@)= '27:7{. K ) XF () (x-a)

o} (o)-oz(a) =

We rewrite boundary condition (1.6) in the form

K a) X (@) (a) - e [G(a)] ' K () XE (a) i (a) F m: (@)=
=[K¥ () XF ()} ® (@) Fol(a), lal<e (1.9)

The function G(a)=1+poctha has a denumerable set of zeros o, =+if, eC* (n=1, 2,.. ),
where all the B, are real and have the asymptotic form B, =n(n~ ¥%)+o(1), n— . To remove
the poles of the function [G(a)]" we remove from the left- and right-hand sides of (1.9) the
function

Y= 5 A (1.10)
n=} [+ i'iB,. )
and require that the conditions
res {-e¥? Gl K () XE (@) DE(a) - ¥R (@) =0 (n=12,...) @11)

a=1iB,

be satisfied.
Subsequent use of Liouville’s theorem leads to formulae giving the solution of the Riemann
problem (1.6)

—ioh + -
®- _ € K- () X~ - - ¥ (o) - o> ()
1 (o) ) () X" (o) (003 () + ¥~ (a)] + T OX-or OX-(0)
O} (o) = e d; (o), DE(ar) = K* (o) X* (o) [¥E (o) F ook (a)] (1.12)

Substituting formulae (1.12) into conditions (1.11), we arrive at an infinite Poincaré~Koch
linear algebraic system

At = —W. ¥ v A:
n =€ AL [fn + ,..2=1 B,+B, ) 9
fnt ="(l)§(il.Bn)’ An =K3x12|G;19 Gn =uﬁn_(u+l)Cth"

(1q4)%1‘(l+1|:“B ) B, dx
K, = 22, X, =exp| 22 [ InGy(x) ——s .
" I (%+1t"lﬁ,.) ? exp( T g 0(x) X +B,) (114)

the solution of which is given by the recurrence relations

¥
£ M, vt & _ A F 3 jo-j -AB;
n =€ Y ay, ap=A,f, a,=4A, 3 L=l j
P nk 'n0 nfn np ujgl Bn""Bj e (1.15)

From this we obtain

A:=0(n""e™), now
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which ensures that the series (1.10) converges in the C* half-planes.
With the help of an inverse Fourier transformation we find the solution of Eq. (1.4)

1 = i
= [ Pt —iot
X( ) o _J; 1 (a)e do.
Substituting expression (1.12) for &; into this last expression, applying the theory of

residues and using relations (1.18) and (1.13), we finally obtain

x(t) i eBn A— (l ’)B"A: N -_1-}» F+(a)e—iw
a=l KX, 2n . 1+poctha

(1.16)

We obtain an explicit solution for system (1.13) for the case f(x)=1. Then
F*(0)=(** - D (i)™
and it is not necessary to solve the jump problem (1.8). Formulae (1.12) acquire the form

iglo + ¥ () . &
K (o) X (a) G(a)
OF (o) = tia™ + K (a) X (o) [Figio™ + ¥ (a)] 1.17)

1 (o) =

K*(a)X*<a)[-§‘— + \w(a)]
1

8 =[KEO) X2 = (u+1]%

The coefficients f* are given explicitly, without quadratures f*=7%B;'g,. As a result of this
relations (1.15) simplify

:tAf = An’ :ta;fk =dpgs Ao = Ang'B;l

had e
Ay=e™ Y a0, a,, =-A £_Ziwi (1.18)
Z, oo ATt B +B,

From this we find an explicit expression for the coefficients g,

a, =48~ 2 [— «A,B,A!] +
? (Bn+Bp)ﬁp Bn+‘31 ZBI

o( 6(i)-1 o(m-1)-1 h A
+% (e ﬁ S W 8ot
m=1 =1 1 f=l 2 e 50(»;)(3;‘,, +’36(m)) (1.19)
om)=p~ji—...—jm (Mm=12,..), o@=p, j,=n,

b=, +B, )4, ¢

In the case under consideration the quadrature in (1.16) does not have to be calculated, and
the solution of Eq. (1.4) for f(f)=1 has the form

()= ¥ o (z -.%) (1.20)

n=l Dy iy



An efficient solution of Prandti-type integrodifferential equations 551

2. EXTENSION OF AN INFINITE ELASTIC STRIP ALONG A STRINGER

Suppose that an elastic strip II {lx|<e, |yl<b} with modulus of elasticity E and Poisson’s
ratio v is reinforced by a stringer S={ixl<a, |yl<¥h} (a thin elastic rod with no bending
stiffness) with modulus of elasticity E,, and is stretched at infinity by uniformly distributed
forces of strength ¢. In a plane stressed state it is required to determine the tangential contact
stresses (the normal ones vanishing) and the axial forces at the ends of the inclusion.

From the stringer equilibrium equation we obtain an expression for its horizontal
deformations

x 1
eio}(x)=*§;{1’i - ffa(ﬁ}dﬁj‘ Ixl<a

0

The equilibrium condition for the inclusion has the form
a
[te(x)dx=F~F, 15(x)=1,(x)~1.(x) @1
-8

where t,(x) are the unknown tangential contact stresses at the upper and lower sides of the
inclusion, and P, and P, are unknown axial forces at its ends x=-a and x=a, respectively.
Because of the symmetry of the problem, P, =P, =P, 1,(x)=-1_(X)= ¥ 1,(x).

We will apply a model [5] for the contact between a string and a strip, according to which the
horizontal deformations € and ¢,(x, 0) of the stringer and the homogeneous elastic strip,
respectively, are equal, the strip being loaded over the interval (-x, x) of the x axis by shear
stresses 7,(x) and also by forces at infinity. These strip deformations have the form

& o’

where U(x, y) is a stress function satisfying the following boundary-value problem

£,(x,0)= % + %3 (x,0), E

AU(x,y)=0, lxl<eo, 0<y<b

a*vl BZUI
= =0, - =0, lxl<es 22
ox? - axdy|_,
U U U J
- =1,(x), |= + CQ+V)o= =0, lxl<eo

the solution of which is constructed by means of Fourier transformations. We have

du

)

ax

X, @ - ch? ab +x,0%0% + %,
IR e T sma{x -
o nE,{, +® g{ * - e raas 204t

Ko =(B-V{1+V), x=01+VG-V7}, K =1-v)*x;

Bearing in mind the contact condition e”(x)=¢,(x, 0), |xl<a and introducing a new
unknown function

2b ¢ Ey
x(t) = ;—t{ Tt (~a+bE)dE, AR=P- -gqu (23)

we arrive at the integrodifferential equation
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A
XO+p[SC-1x'(t)dt=1, O0<t<A
0

Eyhx, 2a 17 ch?a+x,0?+x
p=—, A=— , S(t)=— 1 2 o ot 4
4bE b @ n‘{ shacho+o o do 24
with additional conditions
x©0 = xd) =0 2.3)

which follow from equalities (2.3) and (2.1) (P, =P,).
Following the scheme of Sec. 1 (the case when f(x)=1), Eq. (2.4) reduces to the matrix
Riemann problem (1.6) where

tia -1

2 2
cha+x,0° +x e
L 2, Ffo)=t—

G(o)=1+po
(@) H shachoa+a i

The factorization of the function G(a) is governed by formulae (1.7), where one must take
G,(a) tobe

tha (50 +x,)tha—a
Go(a)=1+ +
o(@) po shacha+a

We will investigate the transcendental equation G(a)=0. The functional G(a) has no real
roots, and on the imaginary axis there are two symmetrically positioned roots +if, such that
when p— oo, B, —0, whereas when p—0, B, » . Furthermore, the function G(o) has a
denumerable set of complex roots ta, €C*, o, =i,, Bsm;=%[b.—(-1Via,] (m=1,2,...;
j=0, 1). The numbers z,, =a, +ib,, are roots of the equation

shz+z+pz(4chz+ ¥+ Yx22 +%,)=0
and are computed using the iterative formula

0 =2mni + In@(z% ") (k=2.3,...), z{)=2mni

-1
o(2) = (1 +-“2;) [—K,zz - 2(1+ 2K, + %)+ (i- - 1) e"]

from which we obtain
z, =27ni + In[4n%n?k; - 2(1+ 2k, +2p 7))+ 0(1), n— e
The solution of the matrix Riemann equation has the form (1.17) where
g = (1+2ps) %

The coefficients A, are determined by relations (1.18), (1.19), and A, is given by formulae
(1.14) where one takes

Gn = l»w,.[— C052 ﬁn + Bn sin ZBn + 3K1ﬁ3 - KZ + zean C032 Bn(cos2 Bn - KIB?I + Kz)],
e, = (sinp, cosB, +B,)™

The solution of Eq. (2.4) has the form (1.20). On the basis of (2.3) and (1.20) we obtain a
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formula for the contact stresses

P 3 BaAy 08, o Bux
=_ry tnlln " gh Lo~
T,.(x) p .Ex KX, e s 5
We will analyse this formula as x — —a+0. To do this we will first study the behaviour of the
function ®}(a) defined in (1.17) as a -0 (0<arg a <x). We have [6]

1 _Gioy Bl n (1)] . N
rC [1+8ia+0<-17 . 0 ,Iarg(—xu)|<2 (2.6)

If @ — o in the domain C* and also la—if, I>¢ for any sufficiently small €¢>0 and any n=
1,2,..., then as a consequence of (1.10)

A©® AD 1 I
v (o) < A _ wo: AD = 3 BE
(o) To Cioy + 0(a3 ), oo A m{,lﬁm A, 27

We will consider the behaviour of the function [X*(a)]” at infinity. We represent the
function Gy(x) in the form

(shxchx+ x)[1+ ()™ thx]

Gy(x) = (l + H) G.(x), G.(x)=1+
wx

and also take into account the asymptotic expansion of the integral

B 02) & _InCio) | ‘7":+o(-17)
i wx J x“+(-ia) o io a

a— e, larg(-ia)l<n/2; u, =%“j. [ln(l+-‘-:?x)--“l—x]dx
1

Based in (1.7) we obtain the result

=1 i B ©) ko _:
X*(a) + — + P + "Ez o) E,oc_,,* In*(~iat)
O, — oo, I arg(—ia)[ <w/2 28)

11 7
ul =;£ l]'lc;o(.x)dx*'%"l lnGt(x)dx-‘-uO
1

which defines the coefficients cl;). Substituting the expansions (2.6)—(2.8) into (1.17) we obtain

~iod} (o) ~ (i) % E ——— § ¢, In (mic) + 0(@)
m=0 (—io)™ k=0

a—> o0, |arg(—ia)l<m/2 29

coo = %(g ~AD), o=~ (r/8+1u)ch - BAD, ¢, = -

The function w(c) decreases like (-ia)*’e™ as a —» e (e C*). The numbers c,, (m=2)
are expressed in terms of the coefficients of expansions (2.6)-(2.8). Bearing in mind the values
of the integrals
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[rhemar = THELD gy
0 (—io)

- %
ot g o T 3o arg(—i ki
{T% Intedt = 2(wi(x)% [W(Z) In( lﬂ.)], larg(~ia)l < 5

(w(x) is the psi function), and also the relation
A .
—iady (o) = | X' (1)e*"d1
0

and formulae (2.9), we obtain a representation of the function x’(f) in the neighbourhood of
the point =0

1@ ~ TH kﬁoD”‘" n*r+ Q) -0

m=0
Do = () %i(g, - A®), Dy, =2(mp) %
Dyg =2/ 8+ 1) Dog - 2(mp) ™ AV — 2(myt) Py (34)

The remaining coefficients D,, (m=2) are computed in terms of the c,,,. The function Q)
is infinitely differentiable in the interval [0, A.] for all A. <A and has the form

—_ < BHAPI Bn’
Q) = n2='.2 KX, e

Using relation (2.3), we obtain the asymptotic expansion

P, x+a x+a -4 Jc+a‘)}'E x+a
1+(x)~§-b—{n( 5 )+DGO( 5 ) +D“( b In p + (2.10)

+Dl(x+a) /bR +..}, x—-a+0

A similar expansion is obtained in the neighbourhood of the point x=ea We define the
stress intensity factors

Ky(ta)= lim [2n(@¥ x)V%1,(x)
x-ytaF0
and from the expansion (2.10), using the oddness of the function 1,(x}, we find
Ku(ta) = FP.2ubY (g - A®)
We obtain a formula for the axial force P from the relation [2]

hi2
P= [lg+o,.ay)ldy=
-h/2
= gh +2[0U / dy(a,h/2)-0U / dy(a,0)] (2.11)

Let U,(y) be the Fourier transform of the function U(x, y). Then, from the solution of
problem (2.2) we have

d ObP,e ™7 (ob)
i = e AN vy b 2choay - {1+ VIabshoy]l+
™ Ua(y) 2Gh20b + 20b) {(y-0) y—(1+V) y

+ ot sha(y—-b)[2chab — (v~ ayshab]}
Substituting the last expression into (2.11) and using (2.5), we find that
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P=ghl+ R (1+EE'R)
L = 2.12)
R= ~5n | Jad (a)yr(o)do

r(@) = (sh2o+2a) {(Ag - 1)[2chA o —(1+V)ashAsal+
+ o sh(Ag -Daf2cha-Ag(v+Dashall, Ay =h(2b)*

To compute the integral (2.12) we use the relation

e { 1, (x)e™ dx = -%’im», (o)

-

and obtain

12, B AB -1
R==Y AR, A= -—E2e"" =0(n'?), n—yeo
nnglnn Kx ( )

R=] T E [m(x ~ &) cos? %"‘- =B, (1+e)sin m}sa (213)
)

We will improve the convergence of the series (2.13). We have

R“ = ro +O( ), n—ooo; K =.j?sinlar((1)da
B. \B2 0

= BWB,)he - AD)+0(mHnn), n—soo

and arrive at a computationally more convenient relation (where {(x) is the Riemann zeta
function)

3 < Inn
R=-gi(3)+ S o, "(;g) "=
d” = n‘lA;R” + Qn‘%’ Q= “'xn"%ro(ql "*A(o))

Note that the coefficients B, =™ A, can be computed not only with the help of formulae
(1.18) and (1.19), but also by the following iterative formulae

B = A (-L 5 e B“-”) (k=2.3,...), BW=Ls81
" Bn m=l Bu + Bm * Bn

where BY is the kth approximation to the coefficient B,.

Numerical calculations performed for the problem of the siretching of an infinite strip with an elastic
inclusion. Below we give the values of the dimensionless quantities P°=2(gh)™P (P being the axial force
at the end of the stringer) and P'=2(gh)"P, in the case when v=03, A=2ab"=10, and A,=h(2b)" =
0.01 for some values of k= E,E™

k 0.1 1 2 5 10 100 1000
P 154 2 248 3.60 4,98 13.4 194
P 134 0 -152 6,40 ~150 -187 -1981

Table 1 gives the values of the function T3(x)=-10*P'1,(x) for some values of x and k, corresponding
to the same values of v, Aand A,.
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TABLE 1
alx k=0,1 2 10 100
0l -0,001 0,029 -0,030 4,19
03 -0,006 0,067 0.815 213
0.5 0,065 1.65 130 80.7
0.7 0.901 188 96,7 275
09 11.1 235 956 1140
0.95 474 999 2915 2106
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